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Fig. 3 Comparison of v component spectra in a round jet.

Superior durability and temporal stability should make
possible measurements which were hitherto difficult with con-
ventional crossed-wires (i.e., high velocities, dirty flows,
hydrodynamic turbulence). Work is presently underway in
the development of precise calibration techniques for the
probe.
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Jet Damping of Symmetric Rockets

ALBERT E. SEAMES*
Hughes Aircraft Company, Tucson, Ariz.

Nomenclature

H = moment of momentum about center of mass
I\ = moment of inertia about the longitudinal axis
IT = moment of inertia about any transverse axis
k = radius of gyration
/ = distance from center of mass to jet along X axis
m = mass of rockets and contents at time t
M, M = moment, magnitude of moment
t = time
XYZ = inertial coordinates
a — angle of attack
P = radical distance to jet from X axis
Ty Vj x = cross-spin coordinates
Op — half angle of precession
0, $, ^ = Euler angles
co, ^2 = magnitude of angular velocity
Q = angular velocity of cross-spin coordinates

In recent years, the effect of jet damping on a spinning
rocket has received considerable attention. Most studies
have used the modified Eulerian dynamic equations1 as the
governing equations of motion. To find dynamic variables,
such as transverse angular velocity and angle of attack, it
is conventional to create complex expressions. There are
exceptions,2 but these have normally introduced complicated
mathematical manipulations. Alternate equations of mo-
tion, derived herein, allow certain problems to be solved
without the conventional complex variable substitution.
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Assumptions

The equations of motion for a symmetric spinning body
used by Nidey and Seames3 are extended to include jet damp-
ing terms. In addition to symmetry, the conventional re-
strictions are assumed4: 1) no ejected particle is given an
angular velocity relative to the rocket, 2) the angular mo-
mentum imparted to the particles is symmetric relative to
the longitudinal axis, and 3) the center of mass always lies
on the longitudinal axis. These assumptions give the
general equation for rate of change of angular momentum:

M = H + rate of angular momentum transfer from
the system

(D

Equations of Motion
Consider the cross-spin coordinate system r, v, A shown in

Fig. 1, where ^ and T are unit vectors parallel and normal to
the axis of symmetry, respectively. Let T be oriented so
that the angular velocity of the rocket has only two compo-
nents cox and cor. The transverse component of angular ve-
locity is sometimes called cross-spin. Because the rocket
and the coordinate system share the transverse angular ve-
locity, the angular velocity of the coordinate system Q is
written as

For a symmetric rigid body, ignoring jet damping, the moment
of momentum and its time derivative are

H =

H = 7xcox:X + 7rcbTT

thus

+ 7TcoT<c

X IX) + 7rcoT(& X

MT = 7TcbT

and

Mv =

(3)
(4)

(5)

(6)

(7)

where v ̂  3. X T. The rate of rotation of the cross-spin
(transverse angular velocity) about the spin axis obtained
by rearranging Eq. (7) is

where

= (7x/7T)cox
To include the effects of jet damping it is only necessary

to add additional terms to the right side of Eqs. (5) and (6).

Fig. 1 Coordinates and Euler angles.
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Using the same nomenclature as Ref. 4, the equations in-
cluding jet damping are

or

M\ = /xco — mp2cox +

M\ = 7Tcor — m(l2 + ^/

MX = /x^x — m(p2 — A

MT = IT&T — m(/2 + ^

7rcor

- m(d/dt)

(9)
(10)

(11)
(12)

Note that Eq. (8) remains unchanged but 120 is no longer a
constant as in the case of a rigid body.

While an external moment is applied to the rocket, it is con-
strained to precess with the angular velocity 12 given by (2)
and half angle

Op = arctan cor/Qx (13)
In general, £1 is not fixed in space but will rotate about an
inertial reference at a varying rate and with a varying in-
clination. Equations (2) and (13) reduce to free-body equa-
tions when Mv = 0.

Examples

The transverse angular velocity of a moment-free rocket
with an initial spin cox(O) will be found without resorting to
complex variable notation. So that the results obtained
here can be compared with known solutions,3 we assume that
the fuel burns in such a manner that the variations in k\ and
kT are negligible.

Equation (11) becomes

/
du\ _ / p" _ \ rdm
«x \&x2 / J TO

which yields

cox
cox(O) = (-)\m0/

In a similar manner, from Eq. (12), we obtain

kr* m

which yields
COT = / ro

coT(0) " \m

(14)

(15).

(16)

(17)

The speed that cor revolves around the spin axis is found from
Eq. (8) to be

Ox
Ox(0)

= /m\ (p« /V>- i
V^'O/

(18)

since JT//x = const.
Because differential time did not appear explicitly in the

integrals, the resulting Eqs. (15-18) are not restricted to any
particular time variation of m/m0. When M = m0 — m't is
substituted into (17) and (18), the results are the same as
given in Ref. 4.

The variations in the angle-of-attack a can be found from
the pitch and yaw angles (Fig. 1) as given by expressions
for the Euler angles. Using the aeronautical convention,

(19)
0 = o>T cos<f> (20)

^ cos0 = <jiT sin<t> (21)

For small angle approximations, Eqs. (19-21) become

<t> = fix (22)

6 = COT COS0

\f/ = cor si

and the angle of attack is

a = [6>2

(23)

(24)

(25)

To solve Eqs. (22-25), the ratio m/m0, which is a function
of time, must be integrated so that the results are not as
general as in the case of cross-spin. Equations (23) and
(24) can be integrated directly or can be added in quadrature
to obtain

6

Thus,

= Re r ure^dt•/ o

= Im I l cor a* dtj o

(26)

(27)

(28)

where

dt

For initial moment-free body $0 = Tr/2, 0G = ac =
and \{/Q = 0 if XYZ are chosen so that the X axis coincides
with the angular momentum vector and the XZ plane con-
tains the spin axis of the rocket at t = 0.

For the second example, consider the same rocket with a
constant spin-up moment M\ applied to the rocket. We
first observe that the result for cross-spin, Eq. (17), is still
valid. That is, the magnitude of the cross-spin is independent
of the spin-up moment. Note also that the angular rate
Ox varies directly with cox, which is found by integrating

M\ =

Put in standard form,

cox + P(0cox = Q(£)

(29)

(30)

wrhere

(31)

(32)

When m(t) is known, cox is found by the conventional method
used to solve a first-order, linear differential equation with
variable coefficients.

Conclusion

It has been shown by example that it is possible to solve
certain problems without creating complex variables. When
the foregoing equations of motion are used in conjunction
with the Euler dynamic equations or in their place, solutions
to the complicated problems of spinning bodies may be found
more readily. The physical implications of Eq. (8), which
aid in understanding the gyroscopic behavior of spinning
bodies, are not repeated since they were discussed in a previous
comment.3
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